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Abstract

We give a construction of the universal enveloping Ao, algebra of a given Lo, algebra,
alternative to the already existing versions. As applications, we derive a higher homotopy
algebras version of the classical Milnor-Moore theorem. This proposes a new A, model for
simply connected rational homotopy types, and uncovers a relationship between the higher
order rational Whitehead products in homotopy groups and the Pontryagin-Massey products
in the rational loop space homology algebra.
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1 Introduction

The main goal of this paper is to construct a universal enveloping A, algebra for a given Lo,
algebra, alternative to the already existing versions [3,15], and to study some consequences
of such a structure in rational homotopy theory.

Let L be an L, algebra. In Def. 1, we introduce the universal enveloping A, algebra
U, (L). It is isomorphic to the free symmetric algebra SL on L as a graded vector space,
and arises from a homotopy transfer process. For dg Lie algebras, U; (L) coincides with the
classical dg associative envelope U L. To motivate the definition of U,, we first prove the
following result (Thm. 2(7)).

Theorem A Let L and UL be a dg Lie algebra and its classical universal enveloping dg
associative algebra, respectively. Fix a contraction from L onto H = H, (L), and denote by
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{€,} the induced L o structure on H. Then, there is an explicit contraction from U L onto SH,
so that denoting by {m,} the induced Ao algebra structure on SH, the antisymmetrization
{mff} of {m,} fits into a strict Lo, embedding

1 (H, {€) = (SH, (m5)).

That is, for every homogeneous x; € H,

Uy (X1, ey X)) = Z X (@) my (Yo (1) ® ++ ® Xo(n)) = mEx, . xn).
og€es,

The result above covers the case in which L is a minimal L, algebra, since any such can
be obtained as a contraction of the dg Lie algebra £LC(L). In general, U, (L) is defined as SL
together with an A, structure inherited from a contraction from £2C(L) onto SL. Here, C
are the Quillen chains, £2 the cobar construction, and £ Quillen’s Lie functor. See Sect. 2 for
details.

The original motivation for introducing the envelope we present was for extending the
classical Milnor-Moore theorem [24] to L, algebras in the rational setting. This is Thm. 3.

Theorem B Let X be a simply connected CW-complex. Endow m, (2X) @ Q with an L
structure {€,, } representing the rational homotopy type of X for which£1 = Oand €y = [—, —]
is the Samelson bracket. Then, there is an A, algebra structure {m,} on the loop space
homology algebra H, (£2X; Q) for which my = 0, my is the Pontryagin product, and such
that the rational Hurewicz morphism

h:m (2X)®Q — H (2X;Q) =U; (m: (2X) ® Q)

is a strict Lo, embedding. Therefore, the L, structure on the rational homotopy Lie algebra
is the antisymmetrized of the Ao structure on Hy,($2X; Q):

Lp(X1, v, Xp) = Z x (o)my, (x(,(l), .. .,xg(n)) .

og€es,

Thm. B produces a new Ay, model for simply connected rational homotopy types, with
underlying Hopf algebra H,(£2X; Q). For finite type rational spaces, this enveloping Ao
algebra model can be understood as an Eckmann-Hilton or Koszul dual to Kadeishvili’s Coo
algebra model [14], the latter starting from cohomology instead of homotopy. We explain in
Sect. 4.2 how to explicitly extract the Quillen and Sullivan models from such an enveloping
A~ model. We also uncover an interesting relationship between the higher order rational
Whitehead products on 7, (£2X) ® Q and the higher order Pontryagin-Massey products of
H, (£2X; Q) of simply connected spaces: the former are antisymmetrizations of the latter,
whenever these are defined. This is Thm. 4. In it, % is the rational Hurewicz morphism.

Theorem C Let x1,...,x, € 7w, (2X) ® Q, and denote by y, = h(x;) € H, (2X;Q)
the corresponding spherical classes. Assume that the higher Whitehead product set
[x1,...,xn]lw and the higher Massey-Pontryagin products sets (yg(l), ey ya(,,)>f0r every
permutation o € S, are defined. If the Ao algebra structure {m;} on H, ($2X; Q) provided
by Theorem B has vanishing my fork < n —2, then x = &£, (x1, ..., Xp) € [X1, ..., Xulw ,
and satisfies:

h(x) € Z X (@) (Yo (1)s -+ Yom)) -

o€eS,

Here, ¢ is the parity of Z;’;} |xj|(k — j). If moreover the secondary higher products are all
uniquely defined, then the above containment is an equality of elements.
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The parity of an integer « is the number (—1)%; this will be used at several later places.
The Massey-Pontryagin products should not be confused with the classical Massey products,
see Sect. 4.3 for details.

We study the homotopical properties of the envelope U, and we compare it to other
alternatives in the literature in Sect. 3. These alternative constructions have been developed by
Lada and Markl [15] and by Baranovsky [3]. See Prop. 1 for a recollection of our statements.
In particular, the classical identity U H = HU, asserting that taking homology and universal
enveloping algebra commute, holds only up to homotopy for the enveloping A, algebras
that we consider, and U; is quasi-isomorphic to Baranovsky’s construction.

1.1 Background and notation

In this paper, graded objects are always taken over Z with homological grading (differentials
lower the degree by 1). The degree of an element x is denoted by |x|, and all algebraic
structures are considered over a characteristic zero field.
An Ay algebra is a graded vector space A = {A,},cz together with linear maps my :
A®k 5 A of degree k — 2, for k > 1, satisfying the Stasheff identities for every i > 1:
i ik
Z Z(_l)k+n+knmi_k+l (id®n Q my ® id®i7k7n) =0.
k=1 n=0

A differential graded algebra (DGA), is an A, algebra for which my = 0 for k > 3. An
Ao algebra is minimal if m; = 0. An A, morphism f: A — B is a family of linear maps
fi: A®K — B of degree k — 1 such that the following equation holds for every i > 1:

Y D f (0 @m, ®id®) = Y (=D m, (f, ® - ® f)

i=r+s+t l<r<i
szl i=ii i
ri=
with ¢ = 2;% L(@iy—¢ — 1). Such an f is an Ao quasi-isomorphism if f1: (A,m1) —

(A’, m}) is a quasi-isomorphism of complexes. The bar construction BA of an A, algebra
A is the differential graded coalgebra (DGC, henceforth)

BA = (T (sA),d),

where T (s A) is the tensor coalgebra on the suspension sA of A (i.e., (sA), = Ap—1), and
8 = D _x>1 0k is the codifferential such that
p—k+1

Sklsxy |-+ [sxpl =Y ailsxr |-+ [ sxi | smupn (Kigts oo Xiggkrn) |-+ | s3],
i=0

where ¢; is the parity of

i k+1
L) lsxjl 4 Y k41— jlsxigl.
j=1 =1

The bar construction turns Ao, morphisms A — C into DGC morphisms BA — BC, and
preserves quasi-isomorphisms [16]. The cobar construction §2C of a coaugmented DGC C
is the augmented DGA

RC=(T(s7'C).d),
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2150 J. M. Moreno Fernandez

where T (s7!C) is the tensor algebra on the desuspension s~'C of the cokernel C =
coKer (K — C) of the coaugmentation K — C (i.e., (s_lf)p = EP_H), andd =d| + d>
is the differential determined by

di (s_lx) = —s~lox, dy (s_lx) = Z(—l)‘xils_lxi ® S_lyi,
i

where § is the codifferential of C and ), x; ® y; = A(x) — (1 ® x +x ® 1) is the reduced
comultiplication of x. The cobar construction extends to A, coalgebras, but we will not
need such a generality in this paper.

An L, algebra is a graded vector space L = {L,},cyz together with skew-symmetric
linear maps £ : L® — L of degree k — 2, for k > 1, satisfying the generalized Jacobi
identities for every n > 1:

Z Z e(o) Sgl’l(o‘)(—l)i(j_l)fj (E,‘ (Xg(l), ...,xa(,‘)),xg(i_»,_l),...,xg(n)) =0.
itj=n+1oeSin—i)

Here, S(i, n — i) are the (i, n — i) shuffles, given by those permutations o of n elements
such that

o)< ---<o@) and o(i+1)<---<o(n),

&(0) stands for the Koszul sign associated to o and the elements xi, ..., x,, and sgn(o)
stands for the signature associated to o. A differential graded Lie algebra (DGL) is an L,
algebra L for which ¢; = 0 for k > 3.

An L, algebra is minimal if £; = 0. An Lo, morphism f : L — L’ is a family of skew-
symmetric linear maps { f, : L®" — L'} of degree n — 1 such that the following equation
is satisfied for every n > 1:

Z Z e(o) SgH(U)(—l)i(j_l)fj (€i (Xo(1)s -+ Xa(@) » Xo(i+1)s - - - Xa()) =

i+j=n+1 oeS@i,n—i)

Z e(0) sgn(@)exly (fi; @ -+ @ fir) (Xxe(y ® -+ ® Xe(my) »
k>1
i1+---_+ik=n
teS3iy,.., ix)
with ¢ being the parity of Zf;ll (k —=D)(i; — 1). Such an f is an L, quasi-isomorphism if
fii (L, €1) — (L', £}) is a quasi-isomorphism of complexes. The Quillen chains C(L) of
an L algebra is the equivalent cocommutative DGC (CDGC, henceforth)

C(L) = (AsL, 8),

where AsL is the cofree conilpotent cocommutative graded coalgebra on the suspension s L
of L,and § = ) ,., & is the codifferential whose correstrictions are determined by the L
structure maps, i.e.,

Sk (sx1 Al A sxp) = Z & s5by (x,-l, .. .,x,-k) ASXIA 85Xy 8K ASxp. (1)

i) <<k

The sign ¢ is determined by the Koszul sign rule.
A morphism f = {fi} of Ax or L algebras is strict if fy = 0 forall k > 2.
The Quillen functor L(C) on a coaugmented CDGC C is the DGL

£(C) = (L(s7'C).d),
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where L (s’l C) is the free graded Lie algebra on the desuspension s~ C of the cokernel of

the coaugmentation, C = coKer (K — C), and 0 = 91 + 9> is the differential determined
by

o1 (s_lx) =—s~15(x), o (s_lx) = %Z(—l)lx"l[s_lxi,s_lyi], 2)

where § is the codifferential of C and ) ; x; ® y; is the reduced comultiplication of x.

There is an antisymmetrization functor (—)* from the category of A, algebras to that of
L, algebras which preserves quasi-isomorphisms [15]. For a given A, algebra (A, {m,}),
its antisymmetrization A< has the same underlying graded vector space and higher brackets
£, given by

(Xt ooy xn) = Z X(0) My (Xo (1) @+ @ Xg(m)) -

o€eS,

Here, S, is the symmetric group on n letters, and we shorten the notation by x (o) =
e(o) sgn(o) for o € §,,. We will usually denote the higher brackets ¢,, of AL by m,f
A contraction of M onto N is a diagram of the form

q
kC M N,
L

where M and N are chain complexes and ¢ and i are chain maps such that gi = idy and
iqg ~ idy via a chain homotopy K satisfying K> = Ki = gK = 0. We denote it by
(M,N,i,q,K),or simply by (i, g, K).

Following [18, Def. 2.3], a morphism of contractions f : (M,N,i,q,K) —
(A, B, j,p,G)isachainmap f : M — A such that fK = Gf. Denote by f: N — B
the chain map f: pfi. Using that ig =~ idyy, it follows that in presence of a morphism of
contractions f : M — A, the squares in the following diagram commute:

p
G2 AT—B

j —~
17T
q
kC M T N.
1
Thatis, pf = fq and fi = jf.
We will be concerned with the following particular instance of the homotopy transfer
theorem. A proof for this result will not be given here, it can be found in [5,12,13,16,18,23].

Theorem 1 Let (M, N, i, q, K) be a contraction.

1. If M = (A, {un}) is an A algebra, then there exists an Ao algebra structure {m,} on
N, unique up to isomorphism, and Ao algebra quasi-isomorphisms

0 (A {mn}) &= (N, {mp}) : I

such that Iy =i, Q1 = q and QI = idy.
2. If M = (L, {9,}) is an Lo algebra, then there exists an Lo, algebra structure {£,} on
N, unique up to isomorphism, and L, algebra quasi-isomorphisms

Q: (L, {9,}) == (N, {€,}): 1
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2152 J. M. Moreno Fernandez

suchthat Iy =i, Q1 = q and QI = idy.

The maps involved in the higher structure of Theorem 1 can be described in several ways.
An explanation of the role played by each of the maps we give below and why the given
formulation works is out of the scope of this paper, a good reference for that is for instance
[5, Section 12].

We will consistently use the following convention for the rest of the paper: contractions
for L, algebras will be denoted by (i, ¢, K), whereas contractions for A, algebras will
be denoted by (j, p, G). The capital letters I, Q or J, P will stand for the corresponding
induced infinity quasi-isomorphisms extending i, g or j, p, respectively.

If (j, p, G) is a contraction from A onto N, then the higher multiplications {m,} on N and
the terms {J,} of the A quasi-isomorphism J are recursively given as follows. Formally,
set GA; = —j, and define A,, : N®" — A for n > 2 recursively by

n
Dty cx) =Y m [ Y (=D PG @ @ Gy | (1 @ @ x).
k=2 i1+ +ig=n

Here, a(iy, ..., ix) = Zj<l< ij(ix — 1), see [5, §12]. Then,
my=poki, and J,=Goli, foralln>2.

Similarly, if (i, ¢, K) is a contraction of L onto N, then the higher brackets {¢,} and the
Taylor series {1, } of the L, quasi-isomorphism / are recursively given as follows. Formally,
set K@) = —i, and define 6, : N®* — L for n > 2 recursively by

On (X1, ..., Xp)

D IED IS MRS

k=2 i1+tii=n Sy, i)
i1 <-<ig

i (I,'l (.X:o'(l), R x(;(,'l)) R A ()C(y(ik_1+1), R .X(T(n))) .

In the equation above, §(i 1,.-.,ig)arethe (i1, ..., ix)- shuffle permutations of the symmetric
group S,, whose elements are those o € S, such that (1) = 1, and

ol)<---<o(iy), o1+ <---<0o(a), ..., o(ig—1+1)<---<ao).
The sign &, is determined by the Koszul convention. Then,

ly=qo6, and [, =Ko6, foralln>2.

2 The universal enveloping A, algebra as a transfer

We produce the universal enveloping A, algebra of a given L, algebra via a transfer process.
To do so, we start by showing (Thm. 2) that the classical adjoint pair

U :DGL S DGA : (—)~

commutes with the transfer of higher structure. See [9, Chap. 21] for a careful exposition of
the adjoint pair above. After the proof of Thm. 2, we explain how to produce such a universal
envelope, which turns out to coincide with Baranovsky’s construction [3] up to homotopy.
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Theorem 2 Let L and U L be a DGL and its classical universal enveloping DGA, respectively.
Fix a contraction from L onto H = H,(L), and denote by {{,} the induced Lo structure
on H. Then, there is an explicit contraction from U L onto SH, so that denoting by {m,} the
induced Ao algebra structure on SH:

(1) The antisymmetrization {m,f} of {m,} fits into a strict L, embedding
L (H {6)) = (SH, {my)
that is, for every homogeneous x; € H,

(X1, ..., %) = Z x (o) my (xa(l) ®--- ®xa(n)) = m;qc(xlv ces Xp).

o€eS,

(i) The A algebra (S H, {mfl:}) is isomorphic to Baranovsky’s enveloping construction
on (H, {£,}).

The map: : H — SH above is an L, version of a PBW map L — U L. The proof of
Thm. 2 relies on the following lemma, which is elementary but interesting in itself. It will be
relevant for the enveloping A, algebra as a transferred structure (Def. 1).

Lemma 1 Let (A, {iun}) and (L, {D,}) be an Axx and an L, algebra, and assume that there
are contractions of A and of L onto complexes (M4, d) and (My, 9), respectively:

)4 q
GdAHﬁ My KCL‘UT M.

If there is a morphism of contractions f : L — A which is a strict Lo, morphism for
the antisymmetrization of the A~ algebra structure {,,}, then the recursive formulas {6, }
for transferring the Lo, structure on M|, map to the antisymmetrization of those {\,} for
transferring the A structure on M 5. More precisely, for any n > 1 and given homogeneous
Xl,..., Xy € My,

fonr . x) = Y (@ (Fo). - Fom)) - 3)
oeS,
Therefore, the higher brackets are the antisymmetrization of the higher multiplications:
Flater, o ox) =Y x@my (Fo)s - FGom)) “
og€eS,

the terms of the induced L, quasi-isomorphisms I: Mj — L are the antisymmetrization
of the terms of the Ao quasi-isomorphism J: M4 — A:

Fh@ix) =Y %@ (Fle)). - Flom)) . ©)

o€eS,

and f: M 1 — My is a strict Lo morphism for the antisymmetrization of {m,}.
14 y

Remark 1 The analog of Lemma 1 for a morphism of contractions g : A — L whichis a
strict L, morphism for the antisymmetrization of the A, algebra structure on A also holds.

Proofof Lemma 1 For clarity of exposition, we prove the case in which A = (A,d) is a
DGA and M4 = (H A, 0) is its homology endowed with the trivial differential; and similarly
L = (L,0)isaDGL and M; = (HL,0). The general case follows exactly the same proof,
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2154 J. M. Moreno Fernandez

but with more involved formulas that do not give any additional insight. The multiplication
map of A will be denoted by m. We prove equation (3) by induction on 7, and deduce at each
inductive step the corresponding equation for (4) and for (5).

Letn = 2. Use, in the order given, the definition of 65, that f is a Lie map for the brackets
involved, that fi = j f, and recognize the recursive formula for A, :

02 (xv1.3) = f LG iG] = Lfi), fie)] = [j ). j 7 ()]
=m (jFe) ® jft) = (DRIl ) @ j Fen)
=moj® ) (Fn® fa) — D" flo) © Fia)
=22 (Fa) @ Fl) = (=111 Fay) @ Fan)

Equation (3) is therefore proven. Using that f is a morphism of contractions, and the proof
of the case n = 2 above, we can easily prove equations (4) and (5):

Fea (x1.x2) = Fqba (x1.x2) = pfos (x1.x2)
= iz (Fen ® Flan) — (DM Py @ o))

= ma (Fo) @ Fx) = (=011 Flx) @ Fen)
1 (x1,x2) = fkb (x1,x2) = Gf6 (x1, x2)
= Gz (Fan ® Fo) = (D12 Fo) @ Fxn)

=1 (Fen ® Fon) — =DM g @ Fon).

Assume next that for every p < n — 1, Eq. (3) holds. Then, (4) and (5) also hold for
p < n — 1, which follows from a manipulation identical to the one done for the case n = 2.
Let us prove that equation (3) holds for p = n, and then also Eqgs. (4) and (5) for p = n are
straightforward consequence of f being a morphism of contractions and the just proven case
n of Eq. 3. To lighten notation, we write x (o) := &(o) sgn(o) for any given permutation o.

Use, in the order given: the definition of 9,,, that f is a Lie map for the brackets involved, the
identity fi = j fand the induction hypothesis, and rearrange the permutations accordingly,
to end up with the recursive formula of A, evaluated at the desired elements:

n—1
= Z Z (o) f [Is (xa(l) ~~~~~ xa(s)) s In—s (x0(5+1) 77777 xo(n))]

s=1o0€eS(s,n—s)

n—1
= Z Z (o) [flx (xo(l) ----- xa(s)) s [ In—s (xa(H»l) ~~~~~ xo(n))]

s=1oeS(s,n—s)

n—1
= Z Z e(o) |:Js (Z X(T).f(xra(l)) Q- ® ‘ﬂxra(s))) s In—s

s=1o0€eS(s,n—s) €SS

x ( > x(p)f(xm(s+1>)®---®f(xp”<n)>)}

PESp—s
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n—1
=Y > D e@x®xp)

s=10eS(s,n—s) TES
PES—s

X [Js (f(xra(l))s cees f(x‘ra(s))) s In—s (f(xpa(xﬂ)), cees f(xpa(n)))]

n—1
=YY 0@ [ (Fom). -2 F o)+ Inms (F&os4n)s -2 FGom)]
s=1o€eS,

n—1

= m(z Z (_1)S+1X(U)<J5 (ﬂxa(l))v cees ﬂxa(s))) ® Jn—s (ﬂx0(5+l))7 cees ﬂxa(n)))

s=10€S,

— (=D Jp—s (ﬂxd(s+l))v cees ﬂxd(n))) ® Jg (ﬂxa(l))v cees ﬂxd(s))))

= An (Z X0 [ (1) @+ ® f(xa(n))) .

ogEeS,

m}

Proof of Theorem 2 To prove (i), we show that fixed a contraction of L onto H L, one can
choose a contraction of UL onto its homology HUL = UHL = SH so that the PBW
map L < UL is a morphism of contractions, and then apply Lemma 1. Let (i, ¢, K) be a
contraction of L onto H = HL, and write L = B @ 9B & C for the graded vector space
decomposition equivalent to it. By the PBW theorem ([9, Thm. 21.1]) and some basic facts
of differential graded algebra, there are graded vector space isomorphisms

UL=SL=S(B®IBO®C)=S(B®IB)®SC=S(B®IB)RUH.

The above is a decomposition of the chain complex U L into two terms. In the first term, the
differential is an isomorphism, and in the second, the differential is trivial. Since S (B & dB)
is acyclic, the injection j : (UH,0) — (UL, d) is a quasi-isomorphism,

j:(UH,0) <> (S(B®IB)QUH,d) — (UL,d).

Decompose UL = S(B®0B)® UH,let p : UL — UH =1 ® UH be the projection

onto U H, and let G be the inverse of d : SB — S9B extended to all of UL as zero in the
subspace SB® 1 @ UH < UL. Then, (j, p, G) is a contraction of UL onto U H which is
a morphism of retracts for the inclusion L = B®dB& C — UL =S(B® 3B & C).

To prove (ii), denote by {i, } the A, algebra structure on U H induced by Baranovsky’s
construction, and by {m,} the induced by the contraction (j, p, G). Since (L, d) is a
DGL, Baranovsky’s construction coincides with the classical universal enveloping DGA
([3, Thm. 3]). The L quasi-isomorphism Q : (L, d) = (H, {¢,}) provided by the
contraction (i, g, K) transforms (by [3, Thm. 3]) into an A, algebra quasi-isomorphism
Uu) : (UL,d) = (UH, {n}). There is another Ao, algebra quasi-isomorphism
P:(UL,d) = (UH, {m,}) induced by the contraction (j, p, G). Hence, there is a zig-zag

of A quasi-isomorphisms
(UH, {my}) — (UL, d) — (UH, {pa})

Since {m,} and {u,} are minimal, the two A, algebra structures are Ay,-isomorphic. O

@ Springer



2156 J. M. Moreno Fernandez

The results above motivate Def. 1 for the universal enveloping Ao, algebra on an L
algebra. Recall that any Ly, algebra L is L, quasi-isomorphic to the DGL £C(L) [16], and
that every Lo, algebra has a minimal model ([20, Thm. 7.9]). Here, £ : CDGC <= DGL : C
are the adjoint functors introduced by Quillen [26], with no bounding assumptions on the
underlying complexes [11].

Definition 1 Let L be an L, algebra. Its universal enveloping A, algebra is
Ui(L) := (SL, {mn}),

where {m,,} is any A, algebra structure arising by exhibiting SL as a contraction of 2C(L).
In particular, if L is minimal, then the Ao, structure on SL is the one given in Theorem 2.

The definition given is essentially equivalent to Baranovsky’s. The difference is that we
explicitly use Thm. 2 for constructing it, hence avoiding the use of Baranovsky’s chain
homotopy K [3, Thm. 1], and with explicit, more transparent formulas whenever L is minimal.
A different way of reading Def. 1 is as follows. For an arbitrary L, algebra L, the A
structure {m,} on SL arises by forming a diagram:

C T ecw) = sL
]
C ey =1
From this point of view, we start with a contraction from £C (L) onto L producing the L,
structure of L, and then the proof of Theorem 2 goes through: the classical PBW map
LC (L) — U (LC (L)) =$2C (L)

is made a morphism of contractions, where we contract £2C (L) onto its homology
H, (£2C (L)), which is isomorphic as a graded vector space to S L (this isomorphism follows,
for example, from [3, Thm. 1]). Given f : L1y — L, an L, morphism, and once chosen
contractions

Pi
C eewn = SLi=Ui (L), i=12
Ji

there is a uniquely defined Ao, morphism
Ui(f) = p2082C(f) o j1: U(L1) — Ui(La),

enjoying properties similar to Baranovsky’s definition on morphisms (see [3, Thm. 3]).

3 Homotopical properties and comparison with other envelopes

We collect the main properties regarding the homotopy type of the several universal envelop-
ing constructions in Proposition 1.

Let L be an L, algebra. Denote by Ug (L) and U, (L) the construction of Baranovsky and
the given in Def. 1, respectively. The universal envelopes Up and U, are homotopy equivalent
(Prop. 1 (i)). Quillen’s foundation of rational homotopy theory, as well as other deep results
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(see for example [1,10,17]), rely heavily on the now classical fact that homology commutes
with the classical universal enveloping algebra functor over characteristic zero fields,

UH =HU. @)

See [26, Appendix B]. The identity (7) holds only up to homotopy for the universal enveloping
constructions Up, Uy, andU (Prop. 1 (iii)), where U is Lada and Markl’s universal enveloping
([15]). Another classical result of Quillen ( [26], see also [25]) asserts that for a given DGL
L with universal enveloping DGA U L, there is a natural DGC quasi-isomorphism

C(L) > BUL. ®)

For L, algebras, although C(L), BU;(L) and BUp (L) are DGC'’s, there is usually no direct
DGC quasi-isomorphism as in (8). However, these DGC’s are always weakly equivalent,
which is the lift of the quasi-isomorphism (8) when dealing with infinity structures (Prop. 1
(@i1)).
Proposition 1 Let L be an Ly, algebra. Then,

(1) There are Aoo quasi-isomorphisms

U;(L) =~ Up(L).

The constructions are then the same up to homotopy, and isomorphic if L is minimal.
(i1) There is an A coalgebras quasi-isomorphism

¢(L) > BUL,

where U is any of the envelopes U, or Up, which is not generally a DGC map.
(iii) Assume that H, (L) carries an Lo structure induced by a contraction from L onto it.
Then, there are Ao quasi-isomorphisms

U(H. (L) xH,(UL),
where U is any of the envelopes U;, Up or U.

Proof (i) If L is minimal, Thm. 2(i{) proves the assertion. Otherwise, diagram (6) gives the
following square, proving that C(L) — BU;(L) :

CLC (L) —— C(L)

~ !

BQC (L) —=» BU,(L)

We used that the bar construction preserves quasi-isomorphisms and that the quasi-
isomorphism of Eq. (8) holds for DGL’s. By [3, Thm 4 (ii)], there is a DGA quasi-isomorphism
2C(L) — $£2BUpg(L). Since the unit of the bar-cobar adjunction is a quasi-isomorphism
for conilpotent coalgebras, there is the following zig-zag of DGC quasi-isomorphisms, from
which the result follows:

BU;(L) <— C(L) — BS2C(L) — BS2BUp(L) +— BUp(L) ©)

(i) Follows from the zig-zag just above.
(iii) Byitem (i), itsuffices toproveitforU = Ug andforU = U.Let f : L — HLbean L,
quasi-isomorphism. Since Up preserves quasi-isomorphisms, Ug(f) : Up(L) — Up(HL)
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is an Ao quasi-isomorphism. Thm. 1 provides an A, algebra structure on H(Up (L)), as well
as an A, quasi-isomorphism / : H(Up(L)) — Up(L). Thus, the following composition is
an Ao quasi-isomorphism:

HUsL) > UsL) LY ug(HL).

Let us prove it for ¢/. Fix a contraction
q
KC LT H, (10)
1

endow H with an L, structure via Thm. 1, and denote by {m,} the A structure on U L.
Markl’s PBW-infinity theorem [19, Thm. 4.7] gives an isomorphism of A, algebras

S (L) S GF (L.

Here, G* (L) is the associated graded A, algebra for the ascending filtration of /L given
by Fp=Q,F1 =Q@® L,andfor p > 2:

FpL:SpanQ{mn(xl,.,,,.xn) In>2, xj€Fy,L, pt+- -+ pa EP},
and
S*(L)y=F(L,tr)/J

is the quotient of the free A, algebra on the chain complex (L, £1) by the ideal generated by
imposing the vanishing on L of the antisymmetrization of the A structure {u, } of F (L, £1)
for n > 2. That is,

wE (x1,...,x,) =0 foralln >2, x; € L.

Basically, S* is the "free Ao algebra symmetrized on L" (not to be confused with a Coo
algebra, whose structure maps vanish on the image of the shuffle products). Denote by P the
dg operad whose free algebras are given by S* (an explicit description in terms of planar trees
is given in [19, Prop. 4.6]). Summarizing, for any L, algebra L, there is an isomorphism of
A algebras

UL = S*(L),

where S* (L) = P (L) is the free P-algebra for a certain dg operad P. Thus, after a possible
change of homotopy in the contraction from L onto H, Berglund’s generalization of the
tensor trick to algebras over operads ([5, Thm. 1.2]) applies to the contraction (10). That is,
there is a contraction

§*(q
s*(K)C UL = §* (L) ﬁ S*(HL) = UHL.

S*(0)

To finish, choose any Ao, quasi-isomorphism UL ~ H, (UL), for instance by using Thm.
1. Then, there are A, quasi-isomorphisms

UH, (L) > UL > H, UL).
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Remark 2 One could try to adapt Quillen’s proof for DGL’s in [26, App. B] of the identity
HU = UH for U. Several subtleties arise this way, and in fact, one cannot improve Prop.
1 (iii). Indeed, any "natural" map U (HL) — HUL passes through a previous choice of
infinity structures, thus one cannot expect an isomorphism. It gets even worst than that: no
choice will ever be an isomorphism, except for the trivial case, given that by definition / H L
carries a non-trivial differential, whereas H, (/L) does not.

For P a dg operad, recall that a P-algebra is formal if there exists a zig-zag of P-algebra
quasi-isomorphisms connecting it to its homology [16]. In presence of a contraction, Lemma
1 gives a straightforward proof of the fact that L is formal as a DGL if, and only if, UL is
formal as a DGA. This result was recently proven in [27], and generalized in [§, Thm. B].

We conclude this section with a conjecture.

Conjecture 1 Let L be an L, algebra. Lada and Markl’s universal enveloping Ao, algebra
UL is such that there is a zig-zag of DGC quasi-isomorphism

C(L) < --- — BUL.

If Conjecture 1 is true, all the universal enveloping constructions studied in this section
enjoy the same homotopical properties. Note that there cannot be in general a direct DGC
quasi-isomorphism C(L) — BUL, since for L a DGL with no higher structure, the functor
U does not coincide with the classical universal enveloping construction.

4 The Milnor-Moore infinity theorem and a new rational model

The algebraic formalism of Sect. 2 has interesting applications to rational homotopy theory.
The monograph [9] is an excellent resource on rational homotopy theory. In this section, all
L, algebras are concentrated in non-negative degrees, and we adopt the notation AV for
the symmetric algebra SV on the graded vector space V, as usually done among rational
homotopy theorists.

4.1 The Milnor-Moore infinity theorem

Let X be a simply connected CW-complex. The classical Milnor-Moore theorem [24] asserts
that the rational homotopy Lie algebra Lx = m, (£2X) ® Q embeds as the subspace of
primitive elements of the rational loop space Hopf algebra H,(£2X; Q). Furthermore, the
latter Hopf algebra is precisely the universal enveloping algebra of L, and the inclusion is
given by the rationalization of the Hurewicz morphism,

h:m (2X)@Q— Hi(2X;Q) =U (7 (2X) ®@Q) . an

If only the rational homotopy Lie algebra m, (£2X) ® Q is taken into account, then non-
equivalent rational spaces may share this invariant. For instance, the rationalization of C P>
and of K (Z, 2) x K (Z, 5) are not equivalent, yet both have abelian two dimensional isomor-
phic rational homotopy Lie algebras. However, extending a Lie bracket on m, (2X) ® Q to
aminimal L, structure determines a unique rational homotopy type. The rational homotopy
type encoded by such an L, algebra L is determined by the DGL £C(L) in case L = L>1,
and by the Sullivan algebra C*(L) in case L = L is finite type pronilpotent (in this case,
we assume X nilpotent of finite type instead of simply-connected). Here, C* = Vv o C is the
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linear dual Vv of the Quillen chains C. See [6, Thm. 2.3] for details. By a beautiful result
of Majewski, whenever X is simply connected of finite type, the two algebraic models are
homotopy equivalent [17].

Denote U = U;. The next result lifts the morphism (11) to the context of infinity algebras.

Theorem 3 Let X be a simply connected CW-complex. Endow 7, (2X) ® Q with an Lo
structure {€,,} representing the rational homotopy type of X forwhich£, = Oand €y = [—, —]
is the Samelson bracket. Then, there is an A algebra structure {m,} on the loop space
homology algebra Hy (£2X; Q) for which my = 0, my is the Pontryagin product, and such
that the rational Hurewicz morphism

h:m (2X)@Q — H (2X;Q) =U (7. (2X) 9 Q)

is a strict Lo, embedding. Therefore, the L, structure on the rational homotopy Lie algebra
is the antisymmetrized of the Ao structure on H,(2X; Q):

(X1, .00, %) = Z X (@)my (Xo(1ys - s Xom)) -
€S,

Proof Assume that the rational homotopy Lie algebra 7y (£2X) ® Q carries a minimal Lo
structure {€, } corresponding to the rational homotopy type of X for which ¢ is the Samelson
bracket. For instance, from a CW-decomposition

*=X(1)gX(2)ggUX(n)=X’
n

build the Quillen minimal model L = (IL(V), 9) of X, satisfying
Hy (L) =1 (2X)®Q

as graded Lie algebras. The choice of a contraction from L onto m, (£2X) ® Q gives an
L structure as in the statement. The rational Hurewicz homomorphism of equation (11) is,
after the choice of an ordered basis of L, the PBW map from L into U L. Therefore, i can
be chosen to be & =7 = pui in the following diagram, which is under the hypotheses of

Theorem 1:
p
o Tv=uaw) 72 n@xo
J
l]\ ]\h
q
k(L) T 1.(2X)2Q
1
An application of Theorem 1 finishes the proof. O

Remark 3 Let U,;(L) = (SL, {m,}) be the universal enveloping A, algebra of (L, {¢,}). For
each n, the composition

. L
L® < (SL® M SL

has its image in L € SL. Let w : SL — L be the projection. The primitives of SL for
the standard coproduct are precisely P, (SL) = L. Thus, the original L, structure can be
recovered by performing two natural operations to U; (L): antisymmetrizaton and restriction
to primitives.

(SL, {my}) > (Pu(SL), m om¥% oin) = (L, {€n}).
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Detecting when a given cocommutative Hopf algebra is the universal envelope of its
primitives is a difficult problem. This has been studied, among others, by Anick, Cartier,
Halperin, Kostant, Milnor and Moore. See for example [10]. The classical name of this sort
of result is the Cartier-Milnor-Moore theorem. Does a similar statement hold in the infinity
setting?

Conjecture2 Let A be an Ay algebra over a characteristic zero field such that there is a
cocommutative, conilpotent coproduct A on A which is a strict Ay, morphism A — A®2,
Then, the primitives for the coproduct L = Ker(A) = P, (A) form an L, algebra, and the
inclusion L < A extends to an isomorphism of A, algebras

A

e

UL

which respects the Hopf structure.

In the conjecture above, we expect U to be Lada and Markl’s envelope, and maybe the
diagonal A needs to come from a ”Hopf algebra up to homotopy”, so that the isomorphism
might be not only of A, algebras, but of homotopy Hopf algebras. If X is a simply connected
complex, and H,(£2X; Q) carries a universal enveloping A, structure, then H, (2 X; Q) is
a rational model for X. Indeed, by Remark 3,

Py (H(2X;Q)) =1 (2X) ®Q

is a fully-fledged L, algebra capturing the rational homotopy type of X.

4.2 Examples: recovering the Sullivan and Quillen models

We explicitly record several examples of universal enveloping A, algebras of the sort
Ur (1 (2X) ® Q. {€,}) = (Hi(2X:Q), {mn}) .

1. The simply connected sphere S”.

— For odd n, it is Ax with |x| = n — 1, with trivial differential and trivial higher
multiplications of all orders.

— For even n, itis A(x, y) with |x| = n — 1, |y| = 2n — 2, with a unique non-trivial
multiplication map given by m(x, x) = % y.

2. A finite product of simply-connected Eilenberg-Mac Lane spaces ]_[fle K(@Q,n;). It
is given by

(Axy, ..., xx), where each |x;| = n; — 1,

with trivial differential and higher multiplications of all orders.
3. The complex projective spaces CPX, for k > 1. It is given by A(x, y), with |x| = 1,
|y| = 2k and its only non-trivial higher multiplication is
1

mip1(x, ..., x) = m%

Indeed, an Lo model L = 7,(2CP¥) ® Q of CP* has a linear basis {x, y} with
|x| =1, |y| = 2k with a single non-vanishing higher bracket, given by ¢4+ 1(x, ..., x) =
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ﬁ y (see for instance [6, p. 365]). The result then follows, since the sign x (o) in the
sum below is always positive:
1

(k+l)|y=€k+1(x,...,x): Z x@mpp(x, ..., x) = k+ Dimeg (x, ..., x).

0 ESk+1

4. Coformal spaces. The universal enveloping A, algebra model of any coformal space can
be chosen to be the classical universal enveloping algebra of it. Indeed, if X is coformal,
then L = 7,.(£2X) ® Q together with £, given by the Samelson product is an L, model
of X. Since L is a DGL with trivial differential, the universal enveloping A, algebra of
it coincides with the classical envelope, having the latter trivial differential as well. This
includes examples 1 and 2.

Let U,(L) = (AL, {m,}) be universal enveloping A, model of a simply connected
complex X. Let L = P, (H, (£2X; Q)) be the primitives for the natural diagonal (Rmk. 3).
Then, one recovers:

— Provided X is of finite type, a (not necessarily minimal) Sullivan model (AV, d) of X
by setting V = (sL)" and d = 2 n>1dn determined by the pairing

(dy(V), SX1 A .. ASXy) = € Z x (o) (v; smu (Xo(1)s - - - xa(n))>, (12)

ogeS,

where ¢ is the parity of Z?;i(n — DIxjl.
— A (not necessarily minimal) Quillen model by setting
(L), 8) = (L (s~ ATsL) , 0y + 82) = LC (Py (Hy (2X: Q) , {mf}) .

The quadratic part 9, of the differential is induced by the reduced coproduct of C(L) (see
formula (2)), and 9 is explicitly given on generators by

01 (s_l(sxl Ao A sxp))

)4
_ o _] — _———
= E E E €y oi)S (smk (xia(l), S, xiv(k)) A SX1.0SXjp o SKjp oo A sxip) .

k=1i1<--<iy 0 €Sk

The sign

&y ipy = € X (@) (=)

.....

is determined by the Koszul sign rule, the parity of the permutation, and the elements
xil,...,x,-k.

4.3 Higher Whitehead products and Pontryagin-Massey products

Several authors have related the (ordinary, as well as higher) Whitehead products [—, —] on
74+(X) with the Pontryagin product * on H, (£2X; R). For instance, the main result in [28]
states that the two-fold Whitehead product of x € ;41 and y € 7,41 is an antisymmetrized
Pontryagin product:

hlx, y] = (=" (A(x) % h(y) = (=1)""h(y) % h(x)).

Here, h : m.(X) i m—1(2X) - H._1(82X; Z) is the Hurewicz morphism precomposed
with an isomorphism. In [2, Thm 3.3], it is shown that under some hypothesis, certain higher
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order Whitehead product sets [x1, ..., xx]lw € m4(X) are non-empty, and contain an element
which is a sort of generalized k-fold Pontryagin product. In the spirit of the results just
mentioned, and rationally, Thm. 3 seems to be the most general statement expressing the
Whitehead products as antisymmetrizations of Pontryagin products. Assuming the existence
of non-trivial secondary higher products in a sense to be explained, one can go a step further
and extract an interesting relationship. For space considerations, and since this section is about
an application of the main results of this work, we omit a (necessarily lengthy) explanation of
the involved background. Instead, we refer the reader to [29] for background on the (rational)
higher order Whitehead products, and to [4] for an account of their relationship with L
structures. We start with the following observation.

Proposition2 Let X be a simply connected complex. The A, algebra structures on
H.(2X; Q) arising from exhibiting H.($2X; Q) as a contraction of the chains DGA
C. (2 X; Q) and by taking universal enveloping Ao algebra of an L, model on (2 X)QQ
are Ao quasi-isomorphic.

Proof Let L = (m,(2X) ® Q, {£,,}) be the Lo, model of X, and assume without loss of
generality that L arises as a contraction of the Quillen model (L(U), d) of X. Denote by
{m,} the A structure on H,(£2X; Q) arising from Thm. 2. There is a square

U@L(V) — H, (2X:Q)

T T

L(V) — 7, (2X)®Q

whose horizontal top and bottom arrows are A, and L, quasi-isomorphisms, respectively.

Since there is a DGL quasi-isomorphism L(U) =3 A(X) onto the Quillen construction A(X)
[26], and the classical enveloping functor U preserves quasi-isomorphisms ([9, Thm. 21.7]),

there is a DGA quasi-isomorphism UL(U) =y A(X). Since U L(X) is weakly equivalent to

C.(£2X; Q) as a DGA, there is an A, quasi-isomorphism U (X) = (H(2X;Q), {m),})
for {m/,} induced by exhibiting H,(£2X; Q) as a contraction of C,(22X; Q). O

The Massey products of a space X are certain (secondary) higher order operations on the
cohomology algebra H*(X; R). These arise from relations between the cup product and the
differential in the singular cochains C*(X; R), see [21,22]. The Massey products and the
Ao structures on H*(X; R) are tightly related, see [7] for details. Both, the Massey products
and A structure, exist in the homology H of any DGA A - one needs not consider these
operations only when A is the singular cochain algebra of a space. So, given that H,(£2X; R)
is the homology of the DGA C,(£2X; R) for the Pontryagin product, it makes sense to
consider the algebraic Massey products on H,(£2X; R). We call these higher products on
H,.(£2X; R) arising from relations between the Pontryagin product and the differential of
the DGA C,(£2X; R) the higher Massey-Pontryagin products of X. This way, we avoid the
confusion with the classical Massey products of X. Again for space considerations, we refer
the reader to the works mentioned in this paragraph for the necessary background on Massey
products and A, structures.

Denote by 4 : 7, (2X) ® Q — H, (£2X; Q) the rational Hurewicz morphism.

Theorem4 Let xy,...,x, € 7, (2X) ® Q, and denote by y, = h(x;) € H, (2X;Q)
the corresponding spherical classes. Assume that the higher Whitehead product set
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[x1, ..., x,]lw and the higher Massey-Pontryagin products sets (y(,(l), ol y(,(,,)>f0r every
o € S, are defined. If the A algebra structure {my} on Hy ($2X; Q) provided by Thm. 3
has vanishing my fork <n — 2, then x = el (x1, ..., Xx,) € [X1, ..., Xnlw , and satisfies:

h(x) € Z x (o) (yo(l)s cee )’a(n)> .

o€eS,

Here, ¢ is the parity of Z'j’;} |x [k — j). If moreover the involved secondary higher products
are all uniquely defined, then the above containment is an equality of elements.

Since the particular case n = 3 of the result above is the most likely to be computed,
and in this case the hypothesis that m; = 0 is superfluous, we consider this case to be of
independent interest.

Corollary 1 Let x1, x3,x3 € 74 (2X) ® Q, and denote by yx = h (xx) € Hy (2X; Q) the
corresponding spherical classes. Assume that the triple Whitehead product [x1, x2, x3]w
and the triple Massey products <yo(1),y(,(2),yg(3)),a € 83, are defined. Then x =
el3 (x1, x2,x3) € [x1, X2, x3]w, and satisfies:

h(x) € Y x(©) Yoy Yo Yo3)) -

g€eS3

If moreover the triple products are all uniquely defined, then the above containment is an
equality of elements.

Proof of Theorem 4 Since m; = 0 for every k < n — 2, it follows from Thm. 3 that
also ¢4 = 0 vanishes whenever k < n — 2. Therefore, [4, Thm. 3.5] asserts that
x = &b, (x1,...,xy) € [x1,...,x,], meanwhile its associative counterpart [7, Thm 3.3]
asserts that e;m, (y(,(l), . yg(n)) € (Yo(1), - - -» Yo(n)). We are denoting by &, the parity
of Z'};i (k — j)|xg(j)l|- Using Thm. 3, we conclude that:

h(x) = ehly(xr,....x) =& | Y x(@)eamn (Yo1)s - You)

og€eS,

= Z x(©@)my (Yo(1)s -+ Yom)) € Z X (@) (Yo(1)s - s Yom) -

o€S, o€eS,

[m}
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