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Abstract— Kinematic models for skid-steer vehicles based on
the locations of instantaneous centers of rotation (ICRs) of
treads have been useful for motion control and dead reckoning.
These models have typically assumed constant track ICRs
because actual ICRs remain in bounded regions. However, this
assumption neglects tread ICR variations during motion caused
by dynamics. This paper analyzes the effect of inertial forces on
track ICR positions. The study is based on dynamic simulations
of a tracked mobile robot moving on hard horizontal terrain.
Furthermore, a new kinematic model is defined in terms of
three indices for sliding, eccentricity and steering efficiency. The
proposed model allows to estimate actual track ICR positions
as a function of inertia measurements and track speeds.

I. INTRODUCTION

Tracked or wheeled skid-steer locomotion is chosen for
many robotic vehicles due to its mechanical robustness, and
high maneuverability and traction [1]. Field applications
include agriculture [2], military [3], inspection of nuclear
facilities [4], planetary investigation [S], volcano exploration
[6] and search and rescue [7]. However, this locomotion
scheme poses special difficulties for dead-reckoning and
motion control because the pure rolling and no-slip assump-
tions, commonly considered for differential drive vehicles,
do not apply. Thus, the exact motion of the vehicle cannot
be predicted kinematically from its control inputs (i.e., track
speeds) but depends on dynamics.

Nevertheless, several practical kinematic approximations
have been proposed for skid steering based on some kind
of equivalence with differential drive. Slip-based models
enhance differential drive kinematics through the estimation
of slippage ratios [8]. Thus, slip parameters for the treads
on the terrain can be identified on-line with the help of
gyroscopes [9], a 2D laser scanner [10] or an inertial mea-
surement unit (IMU) [11]. Alternatively, the instantaneous
centers of rotation (ICRs) of treads on the ground plane
can be considered as the position of wheels in an equivalent
differential drive mobile robot [12].

Unlike the vehicle’s ICR, tread ICRs remain in bounded
regions close to both sides of the vehicle when moving at
low speeds on hard horizontal terrain. Because of this, ICR-
based models typically assume constant average positions
for left and right ICRs in both tracked [12] and wheeled
[13] mobile robots. Tread ICRs can also be estimated online
with an extended Kalman filter instead of using recorded data
(14]. This approach has been applied to different skid-steer
vehicles, where tread ICR positions do not vary significantly
with low dynamics [15]). The ICR kinematic model has been
employed as the basis for the development of a dynamic

model [16] and for power modeling [17] [18] of skid steer
vehicles. Another work adopts online estimation of the
distance between the left and right ICRs as a parameter to
classify different terrain types [19].

Despite all this, it has been shown that a dynamic model
can perform better for motion prediction than kinematic ap-
proximations on different terrains [20). So, there is interest in
introducing dynamic effects into kinematics like the influence
of the drive system [21] or perturbations due to slopes and
aggressive maneuvering [22].

This paper analyses the influence of inertial forces on
track ICR positions based on dynamics simulations for a
case study. As a result of this analysis, we propose an
improvement over constant ICR kinematics. The new model
is defined in terms of three indices (for sliding, eccentricity
and steering efficiency) that are related to the actual tread
ICR positions. The paper offers polynomial approximations
of these indices that depend on the magnitude of the inertia
force and track speeds. The proposed model could be used
to compute both control variables and motion estimation as
a function of inertia measurements.

The paper is organized as follows. Next section presents
dynamic simulations of a tracked mobile robot moving on
hard horizontal terrain to compute track ICR positions. Then,
section III analyzes the dependence on inertial forces and
proposes a new kinematic model. Section IV compares the
proposed kinematics with the dynamical response and with
constant ICR kinematics. The last section is dedicated to con-
clusions and future work. Acknowledgments and references
complete the paper.

I1. ICR DYNAMIC MAPPING

The analysis presented in this paper is based on the case
study of the tracked mobile robot Auriga-a (see Fig. 1 and
Table I). The local frame of Auriga-a is defined with its
origin on the center of the area defined by the contact surface
of both tracks on the plane, its Y axis aligned with the
forward motion direction and the Z axis pointing upwards.
Particularly, track ICR positions have been computed from
the stationary responses in dynamic simulations of the vehi-
cle on hard horizontal terrain with different tracks speeds.

The dynamic model used in these simulations is similar
to the one used in [12], but it employs punctual pressure
distribution for modeling the track contact area [23). The
punctual model assumes that pressure (p) concentrates just
under the contact points of the rollers and idlers. Fig. 2
illustrates the punctual model concept for the Auriga-a track



Fig. 1. The tracked mobile robot Auriga-e.

TABLE |
CONSTANT VALUES FOR AURIGA-ar.

Constant_| Meaning | Value

M Mass of the vehicle 258 kg

L Distance between track centerlines 0.42m
oM Local z coordinate of the center of mass | —0.015m

YoM Local y coordinate of the center of mass 0.04m

P

A A I

Ilustration of punctual pressure distribution on Auriga-c.

Fig. 2.

configuration. Pressure distribution is affected by the position
of the center of gravity and by dynamic effects.

Using this model, the stationary problem has been solved
for all the combinations of the left (V}) and right (V,.) track
speeds ranging from —1m/s to 1m/s with 0.1 m/s steps;
i.e., 441 simulations. These simulations provide values for
the angular velocity of the vehicle w,, and longitudinal and
lateral velocities v, and v, respectively. From these values,
different track ICR positions can be obtained as:

Vi—w
TICRL = -I—w‘—y, ey
F
Vi—w
TICRr = %, (2)
4
Uz
Yicr=—, 3)

z
where the ICRs for the left and right tracks are defined as
(zrcri,yicr) and (z1crr, Y1CR), Tespectively.
The resultant ICR distributions can be observed in Fig. 3,
where a considerable variation on track ICR positions can

Fig. 3. Track ICRs for the Auriga-o mobile robot estimated with the
punctual pressure distribution (blue dots). Constant track ICRs obtained as
the average position of each distribution are shown as red asterisks.

be seen, especially for the right track. Constant asymmet-
rical values for track ICRs can be obtained by averaging
the corresponding ICR distribution [12], giving Zrcr =
—0.458 m, Z;cg, = 0.630m and §rcr = 0.0482 m.

III. INERTIA-BASED ICR KINEMATICS

A. Inertial forces

Under the assumption of steady state, the rotational inertia
of the vehicle is null and the inertial force can be formulated
as (see Fig. 4):

Fy= -M& x Teum, ()

where M is the mass of the vehicle, & is the angular velocity,
which only contains a vertical component for horizontal

Fig. 4. Vectors involved in inertial force calculation.



plane motion:
d=(0 0 w.), ©)

and @y is the linear velocity of the center of mass of the
vehicle:

oM =T+ & X Toum, (6)

where ¥ is the linear velocity of the origin of the vehicle
frame:

F=(v. v 0), (7)

and 7¢p is the position of the center of mass in local
coordinates:

fem=( zem yom Zcm ). (8

By incorporating (5), (7) and (8) into (6):
dem = (v —Yomw: vy+aemw: 0), (9
which can be substituted in (4) to obtain the inertial force:
Fi=Muw, (vy+zomw: —ve+yomw. 0), (10)

and its magnitude:

Bl = M |w2|y/ (v + zoa ws)? + (00 — yorr w:)?. (1)

For Auriga-a, the value of |F:| can be evaluated for all V;
and V. combinations by using (11) with the stationary values
Ug, Uy, W given by the simulations defined in section II. The
resulting distribution is represented in Fig. 5, where it can be
observed that the minimum values (near zero) occur under
two different conditions:

1) During straight line motion, i.c.,

V=V. (12)

2) When the vehicle is turning on spot. This does not
happen when V; = —V,. because the center of mass
does not lie at the geometric center of the vehicle.
Instead, on-spot turning occurs with

Vi=-HV, (13)

where the coefficient H = 0.67134 can be deduced
from Fig. 5.
Equations (12) and (13) are represented in Fig. 5 by solid
red and dashed green lines, respectively. A certain symmetry
of |F;| with respect to these lines can be observed. Let us
define the variables:

$1=I/I—VI"I
Ty =Vi+ HV,

(14)
(15)

then, symmetry about the origin (i.e., z; = z2 = 0) can be
expressed as:

|Fi(z1,22)| = | Fi(—21, —22)|. (16)

Fig. 5.  Distribution of the magnitude of inertia as a function of track
speeds. Lines indicate minimum values of |Fj|.

B. Change of Paradigm

Instead of using ICRs parameters (Zicri, Trcrr YICR)
directly, the following analysis will focus on three equivalent
indices:

¢ =YIcR, (a7
_ TICRr T TICRI
= 5 ) (18)
_ TICRr — TICRI
Sy (19)

where L is the distance between track centerlines, and ¢,
€ and n are the sliding, eccentricity and steering efficiency
indices, respectively.

The sliding index ¢ indicates the deviation of the vehicle’s
orientation from the tangent of its trajectory. Thus, { > 0 or
¢ < 0 would mean that the vehicle is heading inwards or
outwards, respectively, while following a curve. Furthermore,
a non-null eccentricity index £ indicates asymmetrical track
ICR positions with respect to the longitudinal axis, which
affects vehicle maneuverability. In this way, when £ > 0,
the vehicle has more difficulties to turn to the right than to
the left, and the opposite happens when ¢ < 0. Finally, the
steering efficiency index n would be one for differential-drive
vehicles moving on horizontal plane. Values of 5 greater than
one would reflect turning motion resistance due to slippage.

With this set of parameters, the direct kinematic model of
the vehicle is given by:

V.-V
Wy = Lnﬁ (20)
—— @1
L ol 22)



and the inverse kinematics by:

Vi=vy +w: (E—%), (23)
Pt (s+%), 24)

where v, values can not be specified due to the non-
holonomic motion restriction of this kind of locomotion [24].

C. Analysis of the indices

Fig. 6 shows the distribution of the three indices for
different track speed combinations, which have been obtained
using (17)-(19) with data from the dynamic simulations. In
these distributions, symmetries about (12) and (13) can also
be observed. Next, we propose a polynomial approximation
for these indices based on these symmetries.

In order to obtain a model f of ¢, the symmetry about
xp = 0 (see Fig. 6(a)) can be considered. Therefore, a first
order approximation of { could be expressed as:

= Qo+ ¢ | F| sign(za),

where (p and {; represent the coefficients for low and high
inertia, respectively. The parameters that minimize the least-
squares error are (o = 0.048m and (; = 0.0002424 s%/kg.
The resulting model can be observed in Fig. 7(a) together
with original data.

Likewise, € can be modeled by considering the symmetry
about the origin:

(25)

Emegp+er |F1| sign(z,) sign(z2), (26)

where €y and £, are the low and high inertia coefficients,
respectively. Least squares optimization yields g9 = 0.106 m
and &; = 0.0011s? /kg as shown in Fig. 7(b).

Finally, the shape of the efficiency index n in Fig. 6(c)
is similar to that of £ index (see Fig. 6(b)), so symmetry
about the origin can also be considered. Nevertheless, a
significant quadratic component can be appreciated in the
data distribution shown in Fig. 7(c). Thus, a second order
polynomial model for 7} is proposed:

it = no +m|Fi| sign(zn) sign(z) + m | B2 @7

The least-squares coefficients for Auriga-a are 79 = 2.62,
n; = 0.0019 /N and 7, = 0.00001 /N2, which provide the
model represented in Fig. 7(c).

From Fig. 7, it can be seen that the data pattern for ¢
closely resembles a line. However, the distributions for ¢ and
7 do not concentrate on a single curved shape. Therefore,
the polynomials for € and 7j offer rougher approximations to
these data distributions.

To sum up, the new kinematic model is based on eight
parameters (H, (o, (1,€0,€1,70,M1,72), Which are used to
calculate the indices (25)-(27) with the magnitude of the
force of inertia and with track speeds.

3
(m)

(c)

Fig. 6.  Sliding (a) eccentricity (b) and steering efficiency (c) indices
obtained from the dynamic simulations.



0 L L " " : L s

o 50
|| sign(zs) ()
(a)

0.1 I N 2 s L "

150 -100 -50 0 50 100 150 200
|Blslgn(z) slgn(zs) (N)
®
45 . T T r x
4} - R
3s5) _.'..;‘ B
e
3r ) .,-""."/ ’ T
-? ey
g PR
2s P M st TR S .
150 -100 0 50 100 150 200
|| sign(z;) sign(zs) (N)
()

Fig. 7. Polynomial fitting of indices ¢ (a), € (b) and 7 (c).

IV. VERIFICATION

Track ICR positions can be deduced from the inverse of
an-Q19):

yrcr =¢, (28)
L

TICRI=E— 771, 29
L

Ticrr =€+ =1 30

2

Then, track ICR positions obtained from the modeled
indices for Auriga-o can be seen as blue dots in Fig. 8. In
comparison with Fig. 3, it can be observed that the inertia-
based kinematic model closely approximates the variations in
ICR positions, even though it does not capture the complexity
of full dynamics.

Furthermore, Table II compares the proposed inertia-based
model and constant asymmetrical ICRs, as computed in Sec-
tion II. In particular, the table presents the root mean squared
errors of velocity components v, v,,w, obtained from the
stationary response of the dynamic model for the whole range
of track speed combinations (i.e., 441 samples). These results

Fig. 8. Track ICR distributions (blue dots) estimated with inertia-based
kinematic model. Red asterisks indicate the constant ICR model.
TABLE 1I
ROOT MEAN SQUARED ERRORS OF VELOCITIES OBTAINED WITH THE
INERTIA-BASED AND CONSTANT ICR KINEMATICS.

Inertia-based ICRs | Constant ICRs
RMSE RMSE
Uz 0.0044424 m/s 0.015962m/s
vy | 00383464m/s | 0.0821718m/s
Wy 0.0637394rad/s | 0.143285rad/s

offer a considerable improvement on all velocity estimations,
with halved errors for the proposed kinematics.

V. CONCLUSIONS

This paper has analyzed the influence of inertial forces
over the positions of the instantaneous centers of rotation
(ICRs) of tracks in robotic vehicles on hard horizontal
terrain. This analysis is based on computer simulations of
steady-state vehicle dynamics and track-soil interactions for
the case study of the Auriga-a robot. As a result of this anal-
ysis, we have proposed a general inertia-based ICR kinematic
model that is an improvement over constant ICR kinematics.
The new model is defined in terms of three indices (for
sliding, eccentricity and steering efficiency) that are related
to the actual track ICR positions. Polynomial approximations
that involve a total of eight parameters have been defined to
compute these indices based on the magnitude of the inertia
force and track speeds.

In comparison with constant asymmetrical ICR positions,
the inertia-based model has obtained a significant improve-
ment in angular and linear velocity estimations. From a
practical standpoint, the proposed model could be used to
compute both control variables and motion estimations as a
function of inertial measurements.



Future work is related with actual applicability issues.
These will involve the development of an experimental pro-
cedure to identify kinematic parameters from an appropriate
sensor setup.
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